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Cov(aij, ast) = E(Z ik, hklkﬂjkg)(z Gsks Makea Qenes)
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e NPT Ao N, FATERIBRACE TR E S, MIAEZ GG =22,
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it 2.1, ek A (RZIKR) F, ARERAFRG e REE L.

PR BE A THA 5 2 o] Ay L — SRR AR 5 7 S X
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W 2.2 (RAFH—FAE) RAKGNNIRA U, BNEERRZHY—NRF D
A, MAMATFTEX:
dU = aQ +aw (7)
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Hpfnpaftt—i A 2| B oy TiEd42, THE IR PHMHSTBRA:

dszzfgg. (13)
X’fﬂ"’!{‘ L/jrlfj‘ BdQ
Sp—Sa> | = 14
p=saz [ (14)
dQ
dS>? (15)

AFRAVHEE R GA GHN R A RS, Wi RGEME dQ =0, Ffi]
35 d5'>'0 WA WA YR ER KRS 2 Z ARG MRS (F
i/ e ARAS) . GEILHETT A ARRES P11 IS )

T 2.2, INT A AT TR A A LREMMH AS <0, FHIALE
FHRE K&

[FIE R T 05 (8 TR A ST RGE R ADIRAS, FRATE AR A Yol A5 31 H At
PaE . PASURCHB, FATiRik
AW = —pdV (16)

MM dU = dQ — pdV , Ffi]mE X HA— R 5 HEY Bl &
EX 2.2, (i) @A H=U+pV,
dH = dU + pdV + Vdp = dQ + Vdp < TdS + Vdp, (17)

TAEETEEWENTAGGBETERL,
(i) ZL AWk F=U-TS, N

dF < —SdT — pdV, (18)
ﬁTEQ e %#Té%ﬁaaﬁid@%
(iii) & wEAHE G=U~-TS+pV, N
dG < —SdT + Vdp (19)

leREET RAGASHI O AT DR,
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MAAIRSS (I EE) &8 —ENTERIRESEH , ATREM LIRSS H
2 BB w2 TR R oA /e B P A S . FRATT AR AT 28 LUK 1) Boltzmann
Giit R BRI — R B
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LR SRR, g&miii%%& e Eé&ﬁ (o) MEF. MAT {a) ook
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BAREHA
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EMNEEEEE—Z LA RTHREIB R S8 {a), RBIEHA:

ZGZIN, Z(IIQIE. (20)
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log Q2 = log N! — Zlogal! —{—Zallogwl
! !

(21)
~ N(logN —1) — Zal(logal — 1+ logwy).
1
AL B TR, 153
0logQ) = — Z(Sal loga; + da; + da;(logw; — 1) — az&zl — ﬁZeléal
1 1 1
(22)
= Z da;(—pe — o+ logw, — loga;) =0
!
M
a; = we P, (23)
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!
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: (27)

[7] IR g ] DAL 7

Z. NalogZ
40 = dU — vy — —Nd(2Z Olog

66) B oV

dv (28)

B e EXAGE
oz Odlog Z
ap - N ov

BdU —Ydy) = ~Npd(> dv (29)

M*; Z A 1A

810gZdﬁ dlog Z

dlog Z =
og R oy

av (30)

eIl
B(dU + pdV') = Nd(log Z — ﬁ— log Z) (31)

&T)ﬂzzwﬁ BdU — Ydy) Z— A&y, mNTAE dS = TQ A (e
HEIREA KRB, NIRRT 85 1/T kL. 5]

S = k:NlogZ—Ba—ﬁlogZ

= kN(log N + a) + kU
=k[NInN + Z(a + fe)a)] (32)
I

=EkE[NInN + Z alogw, — aloga;]  FIHa; = we P
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53 S Boltzmann =1 Ho i :

logQ) = Nlog N + Z a; log w; — Zal log a;. (33)
! !

A A2

A 2.3 (Boltzmann X R ).
S = klog . (34)

M AT ARIHE RS St 2 50 e RBUIR GRS
[F] FsJ 528 1T DA B AT B8R40 R £y @t

TP 2.4, 3 F 2845 F 04 Boltzmann 4577, &R TLET A

S=-NkY PlogP, (35)

It P RAETRERS s 008Uk, Po= <7 = 0 L, AR RE RS
B AR AR T TR {5 AR

2.3 fER PR

FATFNE I R G IR AL B i, X P AR 45 FRATTHE AR B8 A B — AP TR 1 X
. 1948 4F Shannon fF A Mathematical Theory of Communication — 3 H 5| AT
= BARIFEIER T =45 B 4Tk p) EE 2 E P Shannon’s source coding theorem, Noisy-
channel coding theorem, Shannon-Hartley theorem. 43 54 T ok B4 T 1E B
JEARIRRFERE s A& B P 5 A M S A5 B AL H R AL AREFNT
o RIS AT FE T o

TATAT AN — D e Ie R BRIV RIS E B ER . XERNE AS % (2]
5 TR
S 2.4, ZAE B HENT 8912 LT

H(X) = - sz- log, pi. (36)

Shannon’s source coding theorem i1 /& X FE—14-55

EM 2.5 N A idd AES {X,} £ N — oo BT £ % T E%F| 1k NH(X)
F R oG KE AR R B IE B K e RNESE) ) T NH(X) AR 413
BILF—EaWmER.
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R 2.6, 3F T RPET AL, KAVH Kraft RE X

> bt (37)
2 Fre— TFa, KAVH McMillan =5 X
> pli<i (38)

H D ARG F IR FFHE, thde 2 B0EHAE 2, [ £F 1« MM E3T

R 2 A g B K ﬁ—“}’EFBTE%E:éﬁiﬁ%ﬁyku)\ﬂ’éﬂ]%éﬁ%ﬂﬁf\. Ehcl‘dﬂif“é’a

iF g, AR AR BYAT . PRI AL FE A R R A FIE B B F R R F
53 & 4t »&Js’twﬂ‘améé, % T fE

Proof. B ZEXME—RFEAGUERHEI AT, & 1(2) 2~ o XNV g, A 7157 H
(21, o, .y ) N

l(z1, 0, .y Tp) = Zl(azi), (39)
FATEAUE R AR AN -

» DT < (40)
WAV AN 0 KR, A:

(ZD ZZ ZD (@) pi(z2) | p=izn)

x1 T2

- Y ot o

T1,L2...,Tn

= Z a(m)D™™

m=1

Hrp a(m) KA n PRI KEEA m WP, d R miEe,
NFRFER R Z WY — Y, Bk a(m) < D™ I

nmaxl(z)
x m=1 ’L
A n — oo BIA[UERH. -

FANTHEAX ARG, MEERE/NRE LD, Mgk 3, pl 18
M 20 D7 < 1RHRUIME, HH p A § AT B

) B SR B H e TRt RERIE, D = 2 WX p/IME 2 fH B H(X). &
A U R/ MESUE H(X), @B At il id K2 (Large Deviation
Principle) 445 4R uER], X B A Fatik .

X BERARFA IR AT A S 2 R . it H(X,Y) < H(X) + H(Y) .



2.4 Pt

WK HR AR 2P BRUERH Boltzmann 43-4f -

(1) VPR 2l s [ FRE 23 15 53 1° /NN, G U — A/ e
@é‘—f\i?%} CH AN 7 M S T o) 98 s DA i S 2R 8l A e P ST AR
2k h)o

(2) B BT AR Y ¢ = (02 + 02 +02) = 2L(2 + p2 + p2) BEILE
[+ Az] x [y + Ay] x [z + Az] X [py + Apa] X [py + Apy] X [p2 + Ap.] X— XA KL
?ﬁ[fh H:ﬂ: efﬁAxAyAzApzApyApz

(3) XS MR ) SR AR, 20 B A BRI TS R B R, 7531
Boltzmann 4317 :

2

f(v) x vie W (43)
Hrp f(v) ARTFHETE v M rEEE .

3 Ising model

AT F BN Ising Model #5E XF < 090, > BIE X, DA —4E Ising model %%
FEHE PR o

2 4 Tsing model 293 bt BUFHAZ 55 87 BLY toy model, B ARRUHLZTER T2
W ChiFEutam T rsy) i, —SeYBaEmag. B hae&md TR A H 3
—ARAR (FIANSRE =M, FEAAR SRS RIE R AL, BT DATR BRI A )
X AR AR AR PIAE L4 B A Z 2 b o T ERGANZ X A ALY, AR H EA
)i B N UGS E I BEALYS (random field ) AR, AT PAEIE k 5 RIK R AL
< Oy Opy...04, >(k-point correlation function) & Z|HX AL . LELEEL d > 5 B,
FHATHE Ising model ¥F critical Y5 XN A FEHLIA ISR Gaussian free field, [
d = 4 BERATAEAM R LA E E Y (Michael Aizenman, Hugo Duminil-Copin
2021 4% FAE Annals of mathematics FH%5R ),

KT P IRATH R 7% 1 1 481 Ising model, Ff HAH5E AR AL 2 R EX
S RECEREL < 090, >. HAKRPAZFE stanford [fjlecture note.

TATE o X3l (Hamiltonian, X A PAE M2 RER):

H= _‘]Zajo_j-i—l- (44)

J
WS IIRIER T 7, WEE H =3, E(oj,050). BATA
67’8H = Hjei’BE(Uj’ajJrl) =< 0'1’75‘0'2 >< O'Qlt|0'3 > ... < Un‘t’0n+1 > (45)

Hrp o, =1 F1 0y = —1 0] A5y 50 4

lo=1> (é) (46)
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https://stanford.edu/~jeffjar/statmech/lec4.html

Km0t AT AR R

e’ e P
(eﬁ eﬁ) (48)

FFATE < o] = |o >0 WH < oilt|o >= e Pon) FRa AE
Z lo >< o| = Is. (49)

[

A EAF M 01, 0ngr BE R HIBC T BREL:

Z01,0n+1(/8) = Ze_ﬂH

o

= ZH?:1 < gjltlojia >
o;

=< O'l‘t H?;%( Z ‘Uj+1 >< O'j+1’t) |Un+1 >
oj==%1

=<< Ul‘t H(t[2)n71’0n+1 >=< Ulytn’0n+1 > .
X EFAT L SRR ¢ XA, SUREASBA AT 01,0 TG INBYBC T BREL T .

T 115 45 PR A P25 4% s FURRAEH 2 2 P TR B 20 (B) S oo
i

< 010p41 >= 7.09) Z Zoy 001010041 (51)

01,0n+1

4 Laplace method/Saddle point method

FATHNE— T Laplace method 53 saddle point method, J 3330,
b
I(x) = / e "q(t)dt (52)
0

T © — oo WMIEEAT R, Hh o(t) RIELERE. FTAERAAIIEST HTE 0 ASMNY
DIBRAR S A5 T P MBI T N RS q(t) 78 0 FTAYHTIT IR & . 3]
AUTNEH (B% ik L)

EP 4.1 (Watson’s Lemma (Real version)). Consider integrals of the form

b
I(x) = /0 fe ™dt, b>0,b+# .

Assume that f(t) € C[0,b] and f(t) has the asymptotic expansion

F&) ~ > "apt?™  ast— 0"

n=0
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https://www.math.utah.edu/~tan/6720_Complex/Asymptotic%20Expansions.pdf

with o > —1 and > 0 so that the integral converges at t = 0. Then

= I'(a+pn+1)
I(m)NZan o as x — 00.
n=0

Proof. We first split I(x) as follows:
€ b
I(z) = / f(t)extdt—l—/ f(t)e " dt
0 €
—_—
I(z;e)

for some ¢ > 0. The second integral introduces exponentially small errors for any

e>0:
b o b o eET _ bz
[ roeral <l [eta= s ()

which converges to 0 exponentially for x — co. Next, we substitute the asymptotic
expansion (3.4) into I(z;¢) to obtain:

N 1> N €
I(x;e) = Z/O anta+ﬁn6—xtdt + <[(m; ) — Z/o antol-l—,@’ne—xtdt)
n=0 n=0

In particular, we can choose ¢ sufficiently small such that

< KttPNHD - for every t € [0, ¢,

N
‘ F&) =t " ant™

n=0

for some constant K > 0. Thus,

N . c N
I(z) =) / ant® et < / F£) =t " ant® | e " dt
n=0 0 0 n=0
€
0
<K / otBINFD =t gy
0
B K
T potB(N+1)+1 fooo go+HB(N+1) p—s g
_ o (Dla+ BN+ 1)+ 1)
- potB(N+1)+1
- $a+ﬁ(N+1)+l) as r — 00
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Finally,

€ o o0
/ a P et qt :/ At et qt —/ at et qt
0 0 5

_ (07% > a+Bn 7sd O —Eex Let = xt
J;a+6n+1/0 s*Te ™ ds + O (e7°7) et s = xt.|

———
as r—o0o
a, (a4 Bn +1 .
- : a+5f+1 )+O(e ) )
T —_——

as r—0o0

Combining all the estimates leads to

N
F(a+ pPn+1) 1 1
[(x) - Zoan xa-&-ﬂn—l—l ~ O <m> =0 (m) as r —r 0Q.

The desired result follows since N was arbitrary in the asymptotic representation.
O
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